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It’s about algebraic thinking,
not rote use of algorithms

From the Principles and Standards for School
Mathematics (PSSM):

* “The Algebra standard emphasizes relation-
ships among quantities, including
functions, ways of representing
mathematical relationships, and the
analysis of change”

*“But algebra is more than moving symbols
around”

. Principles and Standards for School Mathematics. National
Council of Teachers of Mathematics (NCTM): Reston, VA. 2000.




But it will not be easy . ..

“The research has made clear that
teaching and learning with multiple
representations linked to one
another and to problem situations is
necessarily very complex.”

Greenes, Carole E. and Rheta Rubinstein, editors. “A History of Algebra in the School
Curriculum,” Algebra and Algebraic Thinking in School Mathematics, Seventieth

Yearbook. National Council of Teachers of Mathematics (NCTM): Reston, VA, 2008.
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Students Need to
Think About Situations

In planning a field trip, how many
buses are needed for all of the
Algebra classes?

How do we create a formula to
convert temperatures from
Celsius to Fahrenheit?



Not Magic or a Bag of Tricks

“algebra should not be taught as a
collection of tricks . . . Students
should see algebra as an aid for

thinking rather than a bag of tricks”

Moses, Barbara, editor. Algebraic Thinking Grades K-12. National Council of

Teachers of Mathematics (NCTM): Reston, VA, 1999.
Thorpe, John A. “Algebra: What Should We Teach and How Should We Teach 1t?,”

Research Issues in the Learning and Teaching of Algebra, 1989.




Representation: Translating
Words to Expressions

How do students approach a
problem like this:

Six times as many students
as teachers



Problem solving in
meaningful contexts

Lupe wants to earn money in the summer by
mowing lawns. The going rate is $7.50 per hour if
Lupe uses the customer’s lawn mower. How much

money can Lupe earn in a summer?

This problem can be changed slightly. Suppose

Lupe considers buying her own lawn mower for

S250 and charging her customers $12 per hour.
Which plan will give Lupe the most profit?

Phillips, Elizabeth. Patterns and Functions, Addenda Series Grades 5-8.
National Council of Teachers of Mathematics (NCTM): Reston, VA, 1991.




Problems with Access Points

We will look at some problems that have
what | term “multiple access points.”
Teachers and students can enter at
various points of the problem
based on their
background and readiness.
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Pre-Algebra

~

Algebra 2

Contextual problem

Algebra 1
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Pre-Algebra Access Point
Building with Toothpicks

|

Shape 1 Shape 2 Shape 3 Shape 4

1. Use a pattern from the shapes to
determine the perimeter of the fifth shape
in the sequence. Show or explain how you

arrived at your answer.

2. Write a formula that you could use to find
the perimeter of any shape n. Explain how
you found your formula.

Friel, Susan, Sid Rachlin, and Dot Doyle. Navigating through Algebra in grades 6-8.
National Council of Teachers of Mathematics (NCTM): Reston, VA, 2001.




Representation Standard

“It is important to encourage students
to represent their ideas in ways that
make sense to them, even if their first
representations are not conventional
ones. It is also important that they learn
conventional forms of representation to
facilitate both their learning of
mathematics and their communication
with others about mathematical ideas”

. Principles and Standards for School Mathematics. National
Council of Teachers of Mathematics (NCTM): Reston, VA. 2000. 10




What is Modeling?

Check Results:
Real-World Sepeat Process Real-World
Situation Solution
0| —= =
i iy
=73 @
@ = I3
. c
Determine =
, Results .
Mathematical Model, - Mathematical
Including Assumptions Conclusions

Fig. 2.2. Four-step modeling cycle used to organize reasoning about
mathematical modeling

. Focus in High School Mathematics: Reasoning and Sense Making.
National Council of Teachers of Mathematics (NCTM): Reston, VA, 2009. 11




Algebra 1 Access Point
Building with Toothpicks

|

Shape 1 Shape 2 Shape 3 Shape 4

3. Create a table and a graph of the first seven
shapes in the pattern. What rule did you
use to continue the pattern? Explain
how you determined your rule.

4. How would the pattern differ if you used
triangles instead of squares?

Extension from: Friel, Susan, Sid Rachlin, and Dot Doyle. Navigating through

Algebra in grades 6-8. National Council of Teachers of Mathematics (NCTM):

Reston, VA, 2001.
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S

Daily trips to NYC
at 6 am.and 102.m-

: APPLE CHARTER
: Bus Company
$400 booking fee
$10 per student

1. Which bus company plan do you think is the better
deal? Explain why you think so.

2. Complete the table below.
Cost Comparison

Number of Apple City
Students Charter Charter

5

15

25

35

Cost (in dollars)

MN’s Big Apple or Bust

CITY CHARTER Bus Line

% Low 5200 booking fee Tr avel 1O

* §15 per student N Y( : /

* Travel at 7 a.m. or "
NOON daily !

Bus Company Plans

0 >
0 10 20 30 40 60 60 7O &80
Number of Students

. Describe in words how to find the cost of using Apple

Charter Bus Company with any number of students:

The cost will egual plus

45

3. Now use the table to describe which bus company you
think is the better deal, and compare it to your answer
in question 1.

. Use variables and numbers to write an equation that

describes the cost of using Apple Charter Bus Com-

pany with any number of students. Let C represent the

cost and s the number of students:

C=

. “Big Apple or Bust,” Student Math Notes, National

Council of Teachers of Mathematics. May/June 2009.
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Multiple Representations

* Verbal
* Concrete/Manipulatives
* Numerical
* Graphical
* Algebraic
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What is the role of
representations in instruction?

Jigsaw Activity

X | y is two
more than the
y|6|4[2[o|| |opposite Of X.

y=—X+2
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Reading and Questioning

The need to read problems carefully is
vital — and to learn the
importance of re-reading

Determine what is given in the problem
and what is being asked

Get students to “unpack” their thinking
and ask themselves questions

Ask probing questions to encourage
student thinking

Encourage student reflection on their
problem solving process

17



Multiple Representations
Promote Learning

A store is having a sale and taking
35% off the price on all items. Create
a table of input-output values, a
graph, and an algebraic
representation to represent this
situation.

Moses, Barbara, editor. Algebraic Thinking Grades K-12. National Council of

Teachers of Mathematics (NCTM): Reston, VA, 1999.
Van Dyke, Frances and Timothy V. Craine. “Equivalent Representations in the o
Learning of Algebra,” Mathematics Teacher, November 1997.




”Chicken/ScaIe” Problem
ST/ PANACAIVASASA (A7 A
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Three chickens were
weighed in pairs; the first
pair weighed in at 10.6 kg,

the second pair weighed 8.5
kg, and the third pair

weighed 6.1 kg. How much

N / /\/( ///
/ /’// // Z
S;\» WA ‘/

would the scale read if all KA ™ - ‘,Aj/g{

three chickens were
weighed at the same time?
How many kilograms does

each chicken weigh?

Driscoll, Mark. Fostering Algebraic Thinking, A Guide for Teachers Grades 6-10.

Heinemann Publishing: Portsmouth, Hew Hampshire, 1999.
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“Umbrella/Cap” Problem

Finding Prices. The following picture shows the
costs of two combinations of umbrellas and hats:

5 S
Y < (Y

What is the price of one umbrella? One cap?

Driscoll, Mark. Fostering Algebraic Thinking, A Guide for Teachers Grades 6-10.
Heinemann Publishing: Portsmouth, Hew Hampshire, 1999.
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“Umbrella/Cap” Problem

Combination chart solution:
Follow pattern, then solve

Costs of Combinations (in dollars)

Number of Caps

1 1 ! 1
_______________________ sV |

Cuoco, Albert A. and Frances R. Curcio, editors. The Roles of Representation in School
Mathematics. National Council of Teachers of Mathematics (NCTM): Reston, VA, 2001. 21




Technology Principle

“When technological tools are available,
students can focus on decision making,
reflection, reasoning, and problem
solving”

“Technology enriches the range and
quality of investigations by providing a
means of viewing mathematical ideas

from multiple perspectives”

. Principles and Standards for School Mathematics. National
Council of Teachers of Mathematics (NCTM): Reston, VA. 2000.
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Example from TI-Nspire™

SR EREE] o1 [PraD AUTO REAL 7 82|91 22 PraD AUTO REAL 7 EEEREE] o2 PraD AUTO REAL 7
Public Release Wersion 2008, #23 This problem is similar to an earlier one, We
Wiliam charges $4 per hour to babysit. can sr:?lve this proble:m using a graph to filnd First, let's find the graphic point of
LaRhonda charges $10, plus an additional $2 the point CI’f |nterseclt|or:| graphl|call?r, creating intersection. Graph the lines, create an
per hour to babysit, Both William and Mo equgtmns and fllndmg their p0|.nt of appropriate window, then use MENUY Points
LaRhonda work the same number of hours, ntersection algebriamally, or creatllng a table and Linesdntersection Points to deterrmine
After how rmany hours will they earn the of values for each job and comparing the the coordinates of the point of intersection,
same amount of money? amounts.

B EEEEEE] o5 Prap AUTO REAL B EEEaEE] o5 Prap AUTO REAL 7

S EEEE] 5.4 "raD AUTO REAL
¥

P

The second method would be to find the point
of intersection of the two equations.

099

S EEEE] o7 ["raD AUTO REAL

SR EFEE] o5 ["raDp AUTO REAL 7]

A third method would be to create a table of
values for each of the equations and then
loak for when the twwo lists have a common
value,

R Ee 87 o5 PraD aUTO REAL 7
Y B T D 7S

: l

1 4 12

2 2 14

3 12 16

ul 16 18

5 20 20 =
Al |4

After how many hours will they (&illiam and
LaRhaonda) earn the same amount of maney?

(3 Zhours
() 2.5 hours
) 4.5 hours
(1 5 hours
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Representation Standard

“Students will be better able to solve a
range of algebra problems if they can
move easily from one type of
representation to another . .. Students
should also become flexible in
recognizing equivalent forms of linear
equations and expressions. This
flexibility can emerge as students gain
experience with multiple ways of
representing a contextualized problem.”

. Principles and Standards for School Mathematics. National
Council of Teachers of Mathematics (NCTM): Reston, VA. 2000. 24




Algebra 2 Access Point
Building with Toothpicks

I

|

Shape 1 Shape 2 Shape 3 Shape 4

5. Determine the explicit and recursive
formulas for finding the perimeter of
the nth figure.

6. What would be the perimeter of the
100t figure?

Extension from: Friel, Susan, Sid Rachlin, and Dot Doyle. Navigating through
Algebra in grades 6-8. National Council of Teachers of Mathematics (NCTM):
Reston, VA, 2001. 25




Strategy “Toolkit”

“Building fluency in working with
algebraic notation that is grounded in
reasoning and sense making will
ensure that students can flexibly
apply the powerful tools of algebrain
a variety of contexts both within and
outside mathematics.”

. Focus in High School Mathematics: Reasoning and Sense
Making. National Council of Teachers of Mathematics (NCTM): Reston, VA, 2009. 5
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Generalizing

We need to assist our students in
moving among representations:

Verbal

/ Concrete

Numeric

\ ?metrlc

Algebraic

to generalize strategies
and solve problems.

27



Equity Principle

“Equity requires accommodating differences
to help everyone learn mathematics”

“ All students should have access to an
excellent and equitable mathematics
program that provides solid support for their
learning and is responsive to their prior
knowledge, intellectual strengths, and
personal interests”

. Principles and Standards for School Mathematics. National
Council of Teachers of Mathematics (NCTM): Reston, VA. 2000.
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Additional Problems to Consider

* The Devil and Daniel Webster
(payment options)

* Job-Offer Options (commission)
* Cell phone plans
* Medicine absorption

* Growth Rates
(Linear and Exponential)
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How Does Your Pattern Grow?

Student . Aading It Up
Exp Iﬂratlﬂ ns Imagina that you want o purchse tha now Larry Koffor

. . and tha Knights of Pythgores book on C, which oosts
in Mathematics $40.95 You hava :rll;'E.'-'. 50 right noec Your allowarce

ook o Aok b oAk ok ok 5 B0 par Wl
ormery Suckan! Mal Notes

Sardings Flan &

First, guess Fow many wesks it will taks you o savs
anough manay for the CO

SmAntiniEdRn
A EE EEEI2EEE

2. Mo uss thio tabla 1o dalarminag bow mzny woaks i w
laks wou o save for $a CL

ik Al Toial

u] £2% 50 : T 2 & 4 &5 & T 8B 9% 10

T [in wasskis]

| §5.00 530,50 .
4. Bhould you connect tha dots on your graph? Why, or
2 why -.n*l
a3
4 & What does point (8, 65.5) on the graph repeasant in tis
situstion
]
&

E. Uisa tha mble and the graph 1o dalarmina Fow much
T manay you will bava at 10 weaks. Did you prefer using
tha fabla or tha graph’™ Why7

a
a
This bypa of growth pasern in numbers—whens you 2dd a
3. Using the abla abova and tha grid in the nest oolumn constant o each antry to obitain tha nat number—is callad
graph $ha inkormmation from bath e umber of wookis an anithmatic sequence. The pagern rasemblas & linear
andl tha amount of monay savad fumtion bt is ot contirucs

. “How Does Your Pattern Grow?,” Student Explorations in
Mathematics, National Council of Teachers of Mathematics. September 2009. 3




The Cat in the Hat Comes Back

“With some help, we can do it!”

Said Little Cat C.
Then Pop! On his head
We saw Little Cat D!
Then, pop! pPop! Pop!
Little Cats E, F and G!

“Little Cats H, I, J,

K, L and M.

But our work is so hard

We must have more than them.
We need Little Cat N.

We need O. We need P.

We need Little Cats Q, R, S, T,
Uand V.”

Geisel, Theodore Seuss. The Cat in the Hat Comes Back, Random House
Beginner Books: Toronto, Canada, 1958. 31
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